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ON SOME OF THE CONTRIBUTIONS OF
INTERPENETRATING NETWORKS OF SAMPLES

By W. EDWARDS DEMING

Consullant in Statistical Suwrveys, Washington

BREADTH 0F APPLIVATION
It is a speeial pleasure and privilege for me to present a paper in
hanour of Professor Mahalanobis, as far 14 years T have nsed only interpenctrating
networks of samples (IPNS), initiated by him, ns everyone knows, about 1936,
Applications in my own work cover many types of samples of human populations in
several countries for stadics in consumer rescacch, labour foree, maorhidity, evaluation
of inventory in process, measurement of physical deterioration of plant and Luildings
belonging in public utilities, studies in the fertility of schizophrenies, psychologieal
problems of the deaf, studies of mental retardation, estimates of the costs of operations
(e.g., switching railway cars), cost of installing certain types of equipment, usage of
telephone civeuits, studies of the echarscteristios of rail and motor freight, air passenger-
traffic, census information, ecarly tabulation of complete censuses, agricultural pro-

duction, studies of housing conditions, and otherwise.

ApvaNTaces or IPNS
The main feature of TPNS is simplicity in the ealeulation of the standard error
of an estimate. It also enables one to estimate vapidly the mathematical bias, if any,
in the formula of estimation (vide infra). It helps to deteet gross blunders in selre-
tion, recording, and processing. It permits evaluation of variances between investi-
gators, coders, and other workers in the various statistival stages of processing, A
section further on deals with the detection of gross blunders.

It a consumer-survey in the US, housewives answered questions (isfer alin)
with respect to purchases of aluminium fuil. The survey ghowid that Brand X,
during the past year, had lost a good sharve of the market to another brand, which |
will eall Brand ¥. On the other hand, shipments of Brand X from the factory had
inereased, and the manufacturer doubted the results of the survey, This was for
Brand X a critical matter in plans for the coming vear in vespeet to output, distri-
bution, and advertising. It turned cut later that the survey was ecorrect : heavy
shipments from the factory had represented increases in wholesale inventory, not
demand by the consumer. Withont standard errors, one eoulid not beso sure that
the results for Brand X indicated o renl decrease for Brand X, and a renl inersase for
Brand ¥, and could not have given the manufacturer results for planning at the
time when he veeded them.,
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Standard errors also serve as a guide to day-to-day improvement of survey-
procedures. For example, T plotted standard errors of 50 characteristios computed
from the results of & national consumer-survey by the format shown further on.
Forty-two of the standard errors fell between +/(pg/n) and 4/ lepyg/n), ¢ being the size of
segment (4 dwelling units to the segment in thiz case),  Strangely, 8standard srrors were
woell above 4/lepg/n). A standard error as high as /(epy/n) is possible it the ¢ dwelling
units within every segment gave solid answers, all yes or all no.  Yarianee greater
than +/{epg/n) indieates that the interviewers themselves were supplying some answers.
A glance at the guestionnaire showed that these 8 characteristios were questions
about, personal products, concerning which interviewers do not enguire: they guess,
and put down answers. The standard errors thus indicated that the results for these 8
characteristics were largely fietitious. Two courses of action were open: (a) retrain the
interviewers, or (b) revise the questionnaire. Without standard errors at hand,
these observations and improvements would not have taken place,

One may lay out the sample so that pairs of subsamples are worked 1n the field,
in the eoding, and even in the punching and tabulating, by separate groups of workers,
The pairs of subsamples are competitive, Wide disagreement between the pairs of
subsamples, compared with the variance within pairs. may indicate operational errors
o gross misunderstanding of definitions or procedures, to be found and corrected.
Use of subsamples in this way does not replace other statistieal condrols, but it has
been very helpful in my own work, especially in the detection of gross blunders.

Conversely, one may interpret 4 small standard error, whers the design measures
the total variance, including the wvariance between investigators, as indication of
fairly uniform performance.

A further advantage is important, when one uses IPNS in the form of the
Tokey plan (vide infra), and that is easier communication of the procedure, and
pasier interpretation of results, to the nonstatisticlan.

DETECTION OF PERSISTENT EREORS AND OF GROES BLUNDERS

Various designg are possible for measurement of the variance between investi-
gators. Some designs give rise to low-power measurement of this variance, at little
ndditional cost, as where a pair of sampling units in different subsamples are allotted
at random to a pair of investigators:  Each pair of sempling units yields one degres
of freedom.  Other designyg give more degrees of freedom per sampling unit, but re-
quire more travel, and cost more. No extended aceount is needed here, though a
reference to Chapter 12 in my book Sample Design in Business Reseavch (Wiley, 1960)
might not be out of place.

As an example of detection of a blunder in selection, T may cite a continuing
study of motor freight in the US, the purpose of which is to estimate the distributions
of shipments by type of rate, by weight-hracket, by mileage-bracket, type of handling,
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cireuity, and other characteristics that affect costs and profits, As a regular part of
the sampling procedure, the sample for each motor carrier is summarized for a month,
and estimates prepared for certain grand totals, viz, number of shipments, pounds
carried, and revenue, and compared with figures that come from the accounting depart-
ment of the company. The purpose of these comparisons is to detect gross misunder-
standings in procedure and in definition,

This sample is laid ont in 2 subsamples, wherefore the estimates from the
2 subsamples should under good reporting bracket the figure from the accounting
records half the time; both subsamples should be below the figure from the accounting
records & guarter of the time, and both above it o quarter of the time; in & random
manner.

Such comparizons have dizelosed a number of times the fact that some of the
aceounting departments have been reporting incorrectly, through misunderstanding
of definitions (for example, confusion of line-haul with storage, actual weight for billed
weight}, The extra care that is possible with the sample detects errors in classification
and definition that had caused biages month in and month out in the regular 1009,
reporting.

A run of successive months in which both subsamples fall short of the figure
from the aceounting records for the month indieates a persistent error, either in the
sample, or in the aceounting records.  To save space, 1 will not show actual figures
for an example, but will only deseribe a nonparametric comparison whereby plus ()
indicates that the estimate from a subsample fell above the figure from the accounting
records, and minus (—) that it fell below,

A run of negative sigas in the TL-category (TL for truckload) was observed
for one carrier.  Although it is not the function of a statistical test to identify a cause,
but only to detect the Fact that a canse exists, if one exists, it is often true, as every
statisticion knows, that statistical tests do often point the fingsr pretty definitely
at the souree of trouble, as happened in this case.  Thiz motor earrier hauls a special
commodily [steel) by whole truckload, under a special type of rate. The sampling
unit is the freight bill for a shipment, a piece of paper about 5 by 7 inches with a serial
number.  The freight bills for steel are printed in a different colour from the others,
with a different run of serial numbers, and they are filed separately, in filing cabinets
of a different eolour. The people that carried out the selection somehow assumed, in
spite of careful admonition to study all traffie, thal TL-shipments of stesl were not
subject to the sampling plan.  The accounting department, however, reports revenue
from all sources including steel: henee the persistent diserepaney, Agreement improved
when TLeshipments of steel were sampled.

The nonparametric test just described is simple but helpful. Other tests,
some parametrie, are also possible because of the replication provided by TPNS,
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BRIEF DESCRIFTION OF THE METIOD

One employs any type of sample-design, then replicates it & times with samples
of size 1/k times the original size intended, with the use of paper zones. Kach repli-
cate is called a subsample. This sounds simple, and it is, butit iz necessary to observe
that the & subsamples must be independent.  For example, for validity of the simyle
formulas shown further on, the system of selecfion must permit a primary unit to
contribute to more than one subsample : the faet that one subsample fell into a primary
unit must not preclude a 2-nd one from falling into it. However, the ultimate unit of
investigation (for example, a household or group of houscholds, or a segment of area)
may be restricted to one subsample.  That iz, we may draw the ultimate unit withouf
replacement and apply the finite correction factor | —n /N to the estimate of varianen,

The requirement that 2 random numbers be permitted to fall into one primary
unit in order to validate the simple estimates of vartance shown further along was
first pointed out to me by my friend and colleague Professor John W, Tukey in 13948,
I thereupon gave the name Tuksy plan to the procedure of TPNS in its simplified form,
with paper zones, now to be described,

For a brief deseription of the method, we may use for illustration a national
sample of the population, as for consumer research, or for census data.

The primary frame will be a list of areas with definite boundaries, sueh as
counties or metropolitan districts.  These areas will preferably Lo areas for which we
have repent Census-fignres, although one must sometimes draw np plans without
Census-figures, or with obsolete fignres.  IT there are no figures at all, one may resort
to the use of equal sizes, or sizes modified by judgment.

In any ease, we show for each area the best available measure of size.
We then decide on the size of the sampling unit. and cumulate sampling units in the
primary frame. The next step is to decide the zoning interval fir the paper zones;
then {o construet a sampling table, which will show the seriil numbers of thesampling
units selected for the sample within every paper zone.

Every random number in the sampling table will fall into a primary area
that is definitely identifiable. The next step is the same as in multi-stage sampling,
viz., to break up the primary unit into portions, and to draw one or more portions,
break them up, and continue nesting until local frames provide lists ol the ultimate
small sampling units (e.g., segments of area eontaining 4 number of dwelling units),

random drawings of which will provide the workloads for interviewing,

Paper zones contain a fixed number of sampling units.  This number is ealled
the zoning interval, . 1/Z is the probability that any specificd sampling unit will
fall into any designated subsample, and (when we draw without replacement) &/ 2
is the overall probahility of selection,

In & national sample, & would almost always be 2, to get maximum henefis
of geographic stratification. For smaller arcas, sueh as a city or a few counties that
are fairly homogeneons, I use 10 subsamples, for simplicity.
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Details of the procedure are not necessary in this paper, as I have described
it with numerous examples in my book Sample Disign in Business Rescarch { Wiley.
1960},

One will of course stratify in the use of TPNS, just as he would in any other
design. One may use systematic subsamples, with k random starts, for k sub-
samples. if systematic sampling appears to be advantageous, or one may draw &
fresh random numbers in every zone where there is danger of cyeles (an ever-present
hazard, in my experience). The theory for the optimum size of segment and for the
choice of sampling unit are the same as they are for any other sampling procedure,

One may vary the size of the sampling unit, and may vary the size of segment
within a sampling unit. For example, in areas where there are no recont maps, or
where travel is expensive, or where earving is for any other reason papecially diffionlt,
one may double the size of segment, or may aveid wide dispersion of segments, This
will eut down on the number of segments that come into the sample, and will save
cast of carving segmentas, and cost of travel, One may also double the sizo of the sampl-
ing unit in a primary arvea, and thus halve the number of sampling units therein,  What
this does is to deerease the probability that this county will contribute to the sample,
and decrease the cost of earving segments and the cost of travel in case a random
number does fall into this primary unit.

These alterations do not change the overall prabability of selection, nor the
procedure of tabulation.

EXAMPLE OF FORMAT FOR CALOULATION

A convenient format for caleulation of the standard error with 2 subsamples
may be of interest, as local modifications thereof will fit a variety of uses {(see Table).

This example comes from a national survey carried out with areplicated design.
Let g (with appropriate subseript) denote the number of dwelling units in a segment,
and 2 denote the number of women that answer yes.  Use of dwelling units az the base
permite nse of Ggures from the Census for rativ-estimates of the total number of
females that would have answered ves to the question tabulated had the sample been
L0 per-cent.

The size of the survey in this example was small, being only about 1200 inter-
views. The number of dwelling units in the survey (y = i+, = 161 in the table)
iz not the number of interviews, but the number of dwelling units in the 400 segments
of area selected for the sample.  The universe was female homemakers, and the gues-
tion was this 1 “Do you make your own cake frosting at home?”"  Some dwellings
had no female homemakers whom the questions would apply to @ moreover, there is
always some nonresponse; henee the number y will be bigger than .

The 400 segments of area were not drawn as one sample, but as 2 independent
sainples, each ofabout 200 segments of aren,  The subscripts denote the two subsamples
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land 2. The symhols NE, NC, ete., in the heading denote Census regions — Northeast,
North Central, South, and West. The sampling plan, including the formulas, are in
Chapter 11 of my book, cited carlier,

The standard error ealeulated here includes the variable performance of the
interviewers, as there was no attempt, in this instance, to randomize interviewers

and subsamples in an orthogonal design for separate evaluation of the variance between
interviewers,

wharneloristic - mn.tm;nﬂihm o r::r:l.-.mnlmpﬂiilrm_ = Us
NE KG i W NE H{‘ 8 w
i= 1 % A 14 o ik 7 5 I 1-8 .
=y i T 40 a8 a5 53 4% B 424
S ki) (5] LT A5 17 34 52 24 anT
&= +u; 177 164 T8 A3 5Y 71 ol 02 T
ay —iry I a1 g 4 I8 —# =i 4 57
¥i I3 203 123 87 L3 i 174 [} 10240
iy 175 162 L1 sh a6 (HES Hin at 41
¥ =ty RN Gli%] 2 176 Ly e 3 [RE T T
Hi—Ysz 37 41 (B -7 i -4 il (] L
p=ify SR LA SaEG ATE anT am0 L B23 .40
ho= fr)—i4)
—pitn —asd 26 18,01 -Zd6 -G08 .06 AuBA —T.6Y R
B = 482,68
& 0.7
éﬂ = 8y .

Final vstimate for the US, p= 4k standard crror (010 Upper aod lower 17 fdaeial Hmits, 43
and 37 eoapeetively, baeed on T degeees of Divedom

The results show p = 40 for an estimate of the propertion of dwalling units
with women that prefer to make their own cake frosting at home, and &, = .01 for
the standard error of this estimate (rather, for the standard error of the sampling
provedure that gave @), The number of degrees of freedom in this estimate of the
standard error is something less than 8 heeause the varianees contributed by the dif-
ferent geographic regions are unequall

The upper 19, fiducial limit, for the estimated proportion, based on 7 degrees
of freedom, is 40 plus 3 standard ervors; or 43, The fidueial 1% lower limit would be
A0 less than 3 standard errors. . The npper and lower 1% fidueial limits of the estimated
proportion are thus 43 and .37

10ne miy ostimate the number of degrees of Mieodom by o formula given by F. E, Eattertliwaite,
(1) o An approximate distribution of catimotes  of verisnos components:  Hiseetrics, 2, 110-114,
‘Satterthwaite's formuls appears in the appendix to Chapter 11T of my book oited corlior.
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The slandard error of any other characteristic that the survey measured may
e enlenlated in like manner.  Usually, one ealeulates only the standard errors of chief
importance, such as the total dwelling units in the US (for comparison). the total
number of purchasers of a product, one's share of the market, a chief competitor's
share, and possibly a few other characteristies:  In this connexion I may add the fact
thitt the estimate of the total number of dwelling units in the US, mads from this
sirvey, came out 2%, short of the Census figure; ; or nbout 1 standard error short.
Une may possibly mterpret this difference and its standard error as evidenes that

persistent undercoverage of assigned segments of area, if there be any, nrust have been
of =mall magnitude.

ESTIMATES 0OF VARIANGE ANTY NF RLaS

Fstimates of varianee. The k replications (or & subsamples) give b estimates
ap ol B, boestimates yp of By, and b estimates f; of f (Ex, Fy). where f, is somo
Function of 2, and »;. Let & be the estimate of B2 calenlated From the whole sample,
and define g, likewise, Let f denote f(F, 7).

Unddier the rules of seleotion statod abave, we obiain an estinte of the variance
of & by the simple form

v - 1 B o ) 1
'lru.rm_“k_”.._.l[.i‘ ) et B

[The sums ran overall & subsamples]
and an approximation to the varianee of [ = &% by the formula

a ok B
veryi= k— )32 = (e J - (2)

In practice, we may simplify our éstimate of the variance of any function f
even further by merely ealeulating
1

var f = HE=T) E(fi—mn e {3)

It is casy to inerease the number of degrees of frecdom, if &—1 is not enongh
{cf. my book cited carlior, prges 1958 and 199),

An improved estimate of Bzfly, together with its vaviance, appears further
along, useful under the rare condition of troublesome bias in the estimale fE, i),
Curevetion of bias., 1 here adapt some theory of Quenouiths® and of Duarbin ®

aleng with suggestions privately communicated to me from Dr. Tukey, to illustrate a

AL HL Queeteaille [TH41) + ApproXimuate teats of and saveciation in time-senrs: 0, ey Shel, Sor,
spris By 1L Gs-sdp o 70 an pectisaler. M, H. Quenouille (1950) ¢ Notes on hias 1o cstimuation.
Fomptecie, 430 353-360.  Heo also Tho 0. Haetley and A Hose (104} : Unliosed  mein rapimators.
Natwes, 174, 7 Augaar, 1T H, (h Hartley and L. A, Goodman (L5310 The preeisien of unhiased
eatintype ostimators, oflwser, Stiet, Aae, 53, 401-508 John W, Tukey (19545 @ Bins: and cenfidenos in
nisteapafte bnrgee sampbon, Ao, Mok, Stee, 29, 804,

u.F, Darchin (19589} 2 A note on the applicetion of Quenouille’™s method of hisa reduction o the
estimnation of ratios. Hismeleiks, 46, 477-450,
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graphieal evaluation of the varianee of a function, and an improvement in the esti-
mate of the varianee of a function of 2, y,

Suppose that we wish to estimate, by a sample-survey, the numerieal vilue
of some funetion f{Ee, Ey). Hx and Ey may both be unknown, but the sample fur-
nishes estimates of cither or both, hence alsa of f{Ex, Ey). A sample replicated in
b subsamples, furnishes the estimates and p, of Bxand By (i = 1,2, ..., 4. BEach
subsample, we suppose, is o valid sample of the whole frame. All & subsamples are
precisely of the same design, They helong to the same probahility system, and their
results differ only because the selections of the sampling unils in each came from
different random numbers, and becouse nceidental errors of performance introduce
variation between subsamples.

As an example, # might be the number of sampling units drawn into cach
subsumple, #; the number of packages of some produet that the iy families in Subsimple
¢ purchased last week,  Then fz, y,) might be x,/y,, the average number of packages
purchased per family.  Or, 2; might be the number of defoctive items in Subsample
i, y; the number of items tested, in which ease Sl wi) =2y wonld be the so-called
fraction defective.  The function fle, y) could of course have any form, such as ay
[for the area of a rectangle, & and ¥ being the measured sides.

Let & be any random variable with expected value Ex. Then

o = Bad-Ax e d)
where Az is the sampling error in z, and

EAz =0 cwes k)

E A2 =gt B

E Ax® = p,, e AT)

BArt =gy, = fial e (8)

with similar forms for 4. Then for any function flz, y) that possesses derivatives,
[, y) = f(Bx, By)+ DA f0p-f, Aa%+ 2, A Sy -+ f, A+ ]
where the subseripts on f denote derivatives evalunted at Ee, Ey.

For a sample of size n sumpling units drawn with random numbers with
replacement

B €

B i, 9) = (B By 2 B O o (10)

where
A = AP+ B AP 4-28 Ay Ay = ool 28 A Ay
B = B(AsS£BA Ay 343 Ayt |- Ay) o (11)
0 = E(Aa?fete.)




-

CONTRIBUTION® OF INTERPENETRATING NETWORKS OF SAMPLES @5

There will awlways be, for any function f(x, yy that possesses derivatives, a sample
st big that the remainder after any term will be smaller than any pre-assigned number
£ Just what this zize of sample 1= depends on the number £, on the function fiz, y),
and on the moment cosfficients of the distribution of the sampling units in the frame.
Thus the difference between K f(z. y) and f(Ex, Ey), commonly ealled the bias in the
sampling procedure, decréased with n. Hence, for samples sufficiontly large (with
proper assumptions ahout f), we may obtain a specified degree of approximation by
writinge

E flz. y) = f(Ex, Ey)+A/n. v (12)

Let there be k subsamples, 7 sampling units per subsample, n = ba sampling
units in all & subsamples combined.  We need now the symbols o, v, fi; to denote
estimutes caleulated from all subszamples excluding Subsample 1.

it

Let fom 2 o 13)

o i
-1

Then Equation (12) with the full sample leads to the spproximation

f=Frs e (14)
while with the estimate f, it leads to the approximation
f. ;f+{|{.j]}ﬁ_- oo (1B)
We may solve these 2 equations for 4 and f finding that
A =#®E—-1f.—f) e (18)
and [ = kf—(k—1)f, e (17)

We may take [ as an estimator of f{Ee, Ey), good to within powers of 1/z%
L the case of 2 subsamples,

F=2—{h+h o (18)
which Quenouille proposed in 1949, f, being [z, 1}, and f; being firs, y).

A simple graph illustrates the solution (see figure), The horizontal coordi-
nates are the reciprocals of the relative sives of the samples that make up fand fo. The

f
r L]
i :
| -alogs ik
F/
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line drawn through the 2 points (1/k, f) and (1/[k—17, f.) intersects the vertical axis
at 1k = 0, mrre:spundmg to infinite size of sample, where the bias would be 0. The

intercept Fis thus the solution of Equation (17) and is an estimate of f(Kz, Ey). The
slope of the line is k(k—1)(f.—f), which would be 0 if 4 were O—that is, if there were no

bias. The variance of f : may be estimated as
s & ilre—lagn
arf="1 " E[fa—f]
which is equivalent to

ar f— L{k Effrﬂ fJ

wherein Foy = Bf—(k—13f i

(19)

(20)

(21)







