


ON THE SAMPLING OF PHYSICAL MATERIALS *)
by

W, Edwards Deming
8. Bureaw of the Budget

Seope and purpose of paper. — A wvery Important problem in
industry and eommerce is the acenrats, speedy, and sconomical measurement
of the guantity and quality of physiea] materials, both raw and mannfactured.
Millions of dollars change hands every day as shipments of materinl are
transferrad from seller Lo buyer, or from one department to another within the
same factory, or when statistics are compiled and customs duties are levied on
goods imported. The ‘aim of this paper is {o mention some of the ways in
whieh simple statistical theory moay be psefully applied in the sampling of
physienl materinls,

A distinetion should be pointed out between the problems of sampling uz
met in (0) the stalistival contrel of quality, in (b) aceeptance-sampling, and in
(0 the sampling of physical materinls g2 encountered in this paper, In pro-
blems () and (b)) it has always been assumed, T beliove, that & sumple of
manufaciored articles i= a so-called random gample deawn from g lot or {rom
a half-hour's production, and that the theories of random sampling apply.
Here, however, in problem (e, the gquestion to he freated is how fo draw o
saanple of random and how to deaw it economicafly to enable some quality
{weight, ash-content, average physical condition) of a Iol of monulactured
articles, or of manufactored or raw material, to be ascertained with a specified
tlegree of precision, af the lowest possible cosd, Problem () might bo ealled
the problem of sampling o lol of material economically.

There are several ways in which sampling may, be applied for messuring
some gvierage quality of a lot of physieal material.

I. The delermination of the weighl and gquality of @ shipment of material
in packuages which have nol previously been messured may be made by
weighing and testing a.sample of the packages. Example: a shipment consists
of hundreds of packages of wool, tobsceo, sugar, or other material, What
procedure of sampling will yield the weight of the shipment within % % and
do soal minimum cost]

Il The re-determination of the averase gquality of a lot of material in
packages which have been weighed or tested individually at some previous
time, Sometimes & lot of material will have been in storsge some months or
years, The gquality of each article or packare was known at this fime it was
put info-storage, but the guality may have chanped meanwhile; ov a recaliliva-
tion may be necessary for any of various reasons. What is the average quality
now of the entive shipment? Example: o shipment consists of hundreds of
bales, sacks, or other packages of wool tobaceo, sugdr, or other material,
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which were weighed one hy one in some foreign port, and each weight was,
marked on the package in English pounds, Spanish pounds, kilograms, okes,
oraome other unit in which the weighing was earried oul. What procedore of
sampling will yiald the weight or some other important quality of the ship-
ment within # % and do so at minimum cost?

111. The determination of {eg) the average Biton: econtent or ash-content
of a bulk material like o pile of eoal or a earload of coal.

IV. The determination of the average physical condition of the variens
elasses of property of a telephone svstem, or of a telegraph or railway sysiem,
or of a gvslem for supplying gas or electrieity to a eity, Thiz problem iz im-
nportant in judiciary eases invaolving reserve and pguitable rates for sorvice,
ax reserve and rotes are to some exleut relaled io (he present value of the
property. This problem is also imporfant in making estimates of the type and
extent of maintenance and repairs Lo the system that will be aeaded over the
nexl b or 10 vears, Sueh information enables & corporation to set aside proper
amonnts of money for maintenance aud repaivs and, over a long-range pro-
gramme, to take advantage of the market values of stecl, copper, lnmber, and
finished materials: also to smooth out its demands for the labor that is to he
required, A3 a sampling problem the question is, how may the samples be
taken in order to evaluate the average over-all physical condition of the tolal
property or of any subelass thereof, within (eg) 1 %1

(feneralapproschtoaprobléeminsdampling —A few remarks
will be made first concerning the general approach to a sampling prohlem.
One of the first questions to settle is the cheiee of sampling unit. An entire
shipment or lot whese guality 15 to he estimated is supposedly divisible into
identifiablo and distinet parts, called sampling units. Every particle of material
in the lot must lie in one-and only ene sampling undl. When material eomes
in packages, the nackage is sometimes but not always a natural and econo-
mical unit, This is so only if it is possible and not too expensive to designate
any partienlar package for the sample, and to pull it ont from the shipment,
wherever it may be; for weighing and testing, 1f the sampling nnits are to
be deawn with equal probabilities, they shounld he so defined that their weizhts
and other gualities are ss nearly alike as 18 reasonably possible. Sampling
with nnegual probabilities will not be treated hers.

Besides the problem of defining aceeptable sampling units. one also
requires knowledge regavding the magnitnde and stabiliiy of the varignces
hetween sampling units; Tt is alzo necessary to have information regarding
the costs of the varions aperations that ocedr in ihe weighing and tesling.
not enly in the regular routine, but as 1hey would he in the eonduoct of o
sampling operdtion, Oue of the lirst stops, (herefore, in beginning 1o Iay out
a plan of sampling, is to starl collecfing information on varinnees and eosts,

The sampling of packaged matorials:; Problem I, — Dxesl-
lent beginnings on Problems T and T have been made by Williams and Tan-
ner'y and co-workers in the Bureau of Customs, and it will be instructive to

Y John F. Willinms and Louis Tanner, "Statistien] mothods in the welghing of
imported merchandise™, road ot the meeting of the Ameriean Statistion] Associntion in
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spmmarige their results.®) Wool in bales, raw supar in sacks, tobaeco, horlap,
and feathars in bales are imported into the United States in huge shipments,
The determination of the weight and average quality of o shipment is neces-
sary for buyer and seller, for siatisties on imports and exports, and for
assessment of Unstoms duties, The measarements of weight and guality for
{he assessment of duty must be carried out by the Burean of Customs by
methods that are recognized in movernment and industry as efficient, fair,
aceurate, and economical, These reguirements are precisely the alms in modern
sample-design.

Single-gtnge sampling; continuation of Problem I. — In
singlesstape-sampling n sample of 9 onits 18 chosen and each unit in the
aample is-tesied in foll —ie, oot sampled, We shall first lay down some of the
eeneral laws for the varignees assoclated with random samples in single-stage
sampling.

Liet there be M sampling units (puckages; articles; bales) numbered from
1 to M inelugive any one of which mayw be found and identified unequivocally.
It will be assumed thal a random sample of e primary units is fo be drawn.
A convenient way Lo aceomplish this random drawing in praciice is to use
a table of random nombers, IT (6] M = 1267 and o is to be 50, one merely
reads up or down a colomp of 4-digil vandom sampling numbers, digeards
U and all numbers above 1267, but aceepts the first 50 distinet numbers
befwesn 0001 and 1267 inchusive,

Before studving the seampling varianee of the estimated foltal weight of the
M packages it is desivable fo adopt seme symbels. For the sake of simplicity
in exposition, let weight be the eharacteristic whieh is {o be measured, and
let the term package be osed lor asampling unil.

Welghts of the M packnges

. 2 =1, 2 . M
. of the loi !
Weights 10? the m packages w(i=1 2 ..., m
of the sample ¥
Averageweight ofthe M pack- 25 1 .;r, L4
agos of tho Lot T Rl
Average weightofthe m pack- o | '2'1{ =
ages of the sample L Al
Variance of the packages in A1 L u)?
the lot e
T e Tl o
Yarianee of the packages in ot Sy - g
the sample e !
Total weight of the lot M=
Total weight of the lot as A=

estimated from the sample

Coafficient of variation, or

relative standard error, of the Cy=10"
estimate Mx or of & itzelf

) A further paper on the sampling of materials was publizhed by Touis Tanner
and W, Edwards Deming, "Some problems in the sampling of bulk materials” (Pro-
vopdings of the American Society for Testing Materials, vol, 49, 1949),
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It the units of the sample are randomly drawn, then the estimate Mr or X
is a random variable and its coefficient of variation or relative standard error
will be given by

gy el R (1)
ie i M—=1 mp?

This equation is fundamental and is derived in elementary books on sumpling
It holds for any distribution of the M weights whose variance is 52,

Clearly, the precision inereases — Le., € yand OF decrease —as thesample-size
an is made larger, The precision may be countrolled as desired by choosing tha
eorrect size of sample, Thus, if a stndard error of 1% in & or X is dusired,
and if 3= 1267, @ = 300 kilograms, and /@ = 5%, then from Eq. 1,

3

- & _m—_]__% il O & ()
M= ph =g ( Oy ] -

This equation ean be solved for = without difficulty and the resultis m = 25
Thus, If €'y or €5 were to be 1%, the weights of a random sample of 25 packages
would be sufficient.

1f o smaller error were desired, for example % %, he required size of
gsample wonld rise to 935,

In practiee, if a sample of packages iz to be designated for weighing
while the lot iz being loaded or unloaded, it is customary to weigh every n-th
package. In the problem just solved M = 1367, m = 25, and every Mih package
would be weighed, following a random start between Land 50. A sample made ap
of every n-th package is called a patterned or systematic selection. The sampling
varianes for such o selection will nsually be dalightly lower than the variance
for a random sample, which is given by Fx. 1. On the other hand, there are
sireumslances in which the sampling variance of a systematic selection is
higher than the varianee of a random sample, Nothing takes the place of some
actual experimentation with the material which is to be sampled.

The cost and the savings thal are to be expected from the use of sampling
may usuially be computed approximately, in advance, on the basis of rongh
estimates of the variance % and Lhe ¢ost of handling the material, all based
on past experience, of conrse, The savings will depend upon the relative case
with which packames may be designated for the sample and weighed, and
then resiored to the lot. When the packages constiluting a lot are already
piled in & warehonge, it may be expensive fo pull oot & particular piackage
from the inside or boitom of the pile. Moreover, no pariicular package ean be
designated nnless the M packages can be numbered 1 to M, somehow or other,
nor unless the Tocation of any partienlar package is known, so that it ean be
tfomnd, Usually costs are much lower and the savings greatest if the packames
are weighed as they are loaded or unloaded.

The potential savings to he made by introducing sampling are often
great, although in practies ingenuity is semetimes required in order fo arrange
the woirk so as 1o realize these potentialities: Tn practice the savings often ron
as high s 70 % of the cost of weighing all M packages, and sometimes the
agvinegs are much hizher,

An example of singlestage sampling occurs in the weighing of refined
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sugar as it is imported into the United Slates. *) This commodity arrives in
lurge lots, often containing as many as 43000 slandard-size sacks, weighing
approximately 100 Ibs, each. The weighing is usually done in drafts of § sncks
at the warchouse after the damaged sacks, about 1.4 % of the total, have been
sepregated for separate handling, A study of previous weighings showed that
the eeefficient of variation 7/« of the weights of the drafts (8 sacks each) of
the sonnd sacks of refined sugar was stable and averaged only about 01 %,
From Ilg. 2 it is-seen that the welghing of but 1 random deafi would wield an
petimate (X) for the weight of the total shipment with o eoefficient of variation
of this same magnitude. The weighing of 9 drafts wonld yield an estimate (X)
baving a Fsigma limit of only £ 0.1 %, meaning that the error of sampling
would rarely if ever fall outside = 001 % In praetice; a sample of 23 drafts
might be weighed, as 1o cost of weighing 25 is negligible compured with the
eost of weighing the entive shipment, Moveover, 25 drafts nre sufficient to give
a fair cstimate of =. 1i is desirablé to make estimates of 5 preity regularly
in order to provide continuning knowledge and experienee with iis magnitude
and variability.

Somplingintwostages: continuation ol Problam IL—1In-
slead of sampling in o single stage it 14 gomeiimes more economical (o take
the samples of malerial in two stages, or even in three, sspecially if the
piackages are alvendy piled inoa warehonse in such mamner that it is diffiealt
to extract any particnlar packase. In two stages there will be primary units
and seeondary units. The primary units might be layers ol packages, or
spctions of lavers, In the sampling of baled wool {(vide infral to estimale the
vlean-content of & lot of bales, the peimary units will be bales, and the
apcondary units will be cores which may be eut from the bales, The primary
units should be az nearly the same size and quality as possible, and likewise
for the seeondary units. The argument for this statement will be seen from
Faq. 3. If tha primayy units are very wnequal, £0F will be large, and if the
secondary units are very unequal, € * will be large. A large value of either
pue of these guantities will inerease the size of sample that is reguirved
to reach o desired precision.

Tt will be supposed that the primary units may be nombered and identified
1 to M inelusive. Tt will be supposed, furthermore, thatl secondary unils, perhaps
in the form of packaoges, may be nombered and identified 1 1o N, within the
i-th primary unit of the sample, The problem of sampling is {e find how many
primary units to draw, and how many secoadary units {rom each primary
unit of the sample should he drawn.and weighed or otlierwise tested in order
to meet the reguirements of precision at the lowest possible cosl.

1 will be asswmed (hat primary and secondary units will both be drawn
al random, and that a table of random numbers may be nsed for selecting the
samples, although, a8 in single-sfage sampling, a syalematic selection may be
uzéd instead of a random selection.

For two-stage sampling it will be necessary to adopt some forther notation.

) The remainder of this paragraph iz quoted saimoest verbatim from the paper by
Tanner and Deming, ciled earlier.
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t will be assumed here that ¥, = N, = ... = N, both for simplicity and
because this iz often approximately the actual condition. )

ky the cost of preparing a primary unit for sampling

Ry the cost of taking a secondary unit from a primary unit

M the number of primury units in the lot

e the nomber of primary nnits in the sample

N the number of secondary units in each primary unit

) the number of secondary units to be drawn from cach primary
unit in the sample

&3 the variance between the AF primary units of the lot®)

I'..:I= rb,f,cz. the coefficient of variation between the M primary units

LEL the averagpe variance between the secondary units within the

primary units of the lof
C =w,[m the average coetficient of variation between the secondary units

= the average weight of the sl test-portions and the estimateéd
average waight of the entire lot
X=MNz the estimated weight of the entire lot
The coefficient of variation €y of the estimated total weight of the lot, and
the eoelficient of variation C’E of the average weight or other quality per
secondary unit, are dependent upon M, m, (?b and C’m by the relation
(e oy
Cu: — L‘l"-' — M __"H _"" == h__ﬂ' _“_"_ {3}
X a M—1 gy M— 1. ai
To find ¢ e it Is only necessary to multiply Oy by M Ny, and to find e
it is only necessary to muliiply (-'E by x. Eq. 8 is easy to remember and it
epresses both O5- G,
expresses both €'y and i

The total cost of making the mu tests can be represented approximately
by the equation
K=m .R:1 LA .l'.:E (4}

The best sampling plan for any particular set of  eosts and  varianess
(ki ke o ® 2 %) is that which produces a desired coefficient of variation
Chpor LT at the same time minimizing the cost, K. Or, the best sampling plan
is that which extracts the most information possible for an allowable cost, K,
It may be proved that these conditions are met prety closcly 1F%)7)

A3 If the numbers Ny N._{, vr. aré mot-all equal, or approximately so, Bq, 3 will ba
more gomplicated, and the réader may wish to consull a treatise on sampling for mors
completa theory.

1 For more detoiled nund more generpl definitions of these varinnees, and for
derivations of Eqe. 31, the regder may wish to consnlt a treatise on sampling.

9 Lg. 5 seems to have been published almost simultoneously by L H, €, Tippett,
"Methods of Statisties” (Willismis & Norgate, 1831), p, 177, aod by Walter A, Shewhart,
"The Econemic Conirol of Ouality of Manufaetured Produel” (Van Nostrand, 1981),
. 389,

T Bee next page.
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Ei. 5 is to he solved for o in order to learn how many secondary units
should be drawn from each primary unit, and then Iig, 6 is to be solved for wm
in order to learn how many primary units should be drawn from the lot It is
interesting to note that the optimum value of i (number of seeondary units per
primary unit} does not depend on m nor on the desired precision, Oy or €0

Obvignsly the solutions for % and m require knowledge of the varianees
7t and ¢ * and of the costs k, and k. € in Eq. 615 the desired coefficient
ol varation of the estmate of éitheér & or X it might be (eog) 4% It is
important to note, however, (¢ that s is determined it only the ratios #, tq
and k ok, are known; and () that no great acearacy is needed in these ralios,
purtienlarly in k& ok, hecanse it peenrs under the squoare oot Bven approximate
vilues of these ratios will casily distinguish between a very ecosily sampling
plan pnd one whose eost (K) is within 5% of the vest of the optimuom plan,
whieh may only be devised with the-ald of firm values of the varinnees and
sosts, It i rewmarkable how moueh saving cun bé omade with very meagre
information.

An example may be helpful al (his point ¥ Law waool appears B4 rom-
wmeree in lols of various sizes, averaging nbout 100 bales;, but running some-
times ns high as 3000, The bales range in weight from 200 Ths fo 1200 Il bt
are Fairly unitorm from any one source, The wool contains grease and ilher
impurities, the pereentage of which may vary as mueh as 30 %, both betwesn
bales in g 1ot and between portions within a bale. The nded of & reliable method
for determining (he pereentage of clean woal without processing all or o large
fraction of the lot has long been revognized, The major alstacle (o the develop-
ment of sueh o method has until recently been the nnvelinhility of the only
type of small sample that could be taken, usually 4 few handfals of [lecces
selectnd on the basis of expert judgment from u few bales in the hope that
they would be representative, This particular difficulty has been eliminated
by the development of a practieable gampling {ool that can penetrate into a
bale of wool at any pesition designated al random and ean remove therefrom
a relatively small eore. 1t is important to ealenlate by the equations given
parlier how many such cores should be taken per bale, and from how many
bales, in order to estimate the proportion of elean wonl in the lot with {he
greatest coonomy.

e nwl is not small eompared with N ", LB O oshoild beopaplaesd by

a. e . i1
e T 1 R [ 1

6 F Ry Ve #iNeR ke o epdfive?

b ar fe 4 =

B) Phe vest of this section is quoted almost verbation from the paper by Tanuer and
Deming, eited earlior,
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whieh costs the least

By using these estimates of ¢ and 7

different.

Table L
Classifieation of
for sampling purposes.

packaged greasy apparel wools

In the sampling of wool the primary unit is the bale: the secondary unit
is the ecore. For any possible value of % {such a5 % = 1, or 2, or 4, ote), the
corresponding value of m is Tound from Eg. 6, A pair of values, % and i, =0
defermined, ars said to constitute an optimum sampling plan — & plan that
will yield the coefficient of variation € with the greatest economy, Different
gampling plans may be devised, all vielding the same precision, but costing
different amounts, under the sssumptions made. Natorally, that plan is best

Systematic studies have been made of the magnitudes and stability of
T and ) for many commiercial lots of most types and gradez of wool from
different sources throughout the world, As was {0 be expected, no single pair
of values was found to be walid for all different kinds of wool. However, il
was found that, when grouped in a relatively small numhber of broad clas-
sifications aceording to origin, type of wool and {ype of bale, the variances
were fairly stable and conld provide usefunl estimates for devising sampling
plans, Some typical values of variances are shown in Table 1.
in Eqg. 4, sampling plans may be
prepared which will give for each class of wool the number of bales (m) to be
sampled for various lol sizes (M) and for varions numbers of eores (#) per
bale, for any required level of precision. All of the four sampling plans
illustrated in Table IT will give the same precision, but their costs will be

| Table 11,

to be sampled from a lot for which &
for a standard error of Vs

Ll

Type of woond | o oy,
Armentina . s 25 25
Aaebralin e S Gl X W i e ta ok 148 4.0
BRI G o b alia o= 4 & %5 e VE e R &0
THIEMAY i i e aa= O ) 2.0 1.5
Domestic (I8 . . ! 4.5 2.0

Sampling sehedule showing the number of bales
ay = BETL

M

Number of baleg in the lot

T

Number of bales to be

in the sample

n=1 h=2 | =4 ==
25 { a5 1% 16 16
Al 4 25 o3 L]
5 3% a0 29 23
1k i) Al &5 2y
150 Wa i a7 | 25
H{LH 45 L o8 26
A0 7 L) | 29 27
SO0 45 a6 a0 I a8
1 000 44 87 £} | [ 24
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There are two operations in obiaining s cors of wool: first, putting the bale
inte position, and second, boring it Each eperation has its own eost, !} k, and
.F.:2 respectively, and their ratio may vary widely depending on the conditions
existing. If sampling takes place at the time the individoal bales are being
weighed or moved to storage, there is virtually no additional eost for putting
the sample bales into position, and kl tk, might be, for example, 1.0, On the
other hand, if the bales are already stored in piles in a warehmige, and if the
piles must be disturbed and moved in order to draw @ sample of hales, the
ratio fL'I : .i'a‘-= of vosts might easily exceed 25,

The usefulness: of this theory bas been proved in actual practice. Dne
tesling organization is regularly called npon to sample lots of domestic wool
stored in warehonses, For this waool g, ra, 15 aboutL 25 and ander the eonditions
of sampling, k : &, is approximately 20, Accordingly, the best sampling plan
to be followeid there is to take 10 cores from each bale (7= 10), and to deter
mine the namber of bales from Eq, 6. A second organization is able to s lé
its imported carpst wool as it is being carried by truck into the mill. In this
case & ik is about 1, and 7 w7, also averages about 1, so that the sampling
plan used is one core per sampled bale (% = 1], The two plans differ consider-
ably for the same precision, vet cach is the most economival pltan that is
possible under the different conditions faced by the two organizations.

The sampling of packaged materinls; Problem 11, — In this
problem there will be o weight or other cqualivy l". whieh has been determined
previously for each unit, i=1, 2,..., M Suppose that a random sample of m
packiages is drawn at random from the lot, and that a re-determination X, is
madde for eaeh of the packages in the sample; Let

T
S
]. 1
—_— i
L
bain ¢
1
Define also
‘1{ . (Azsnmed not known i{ tAssnomed known in
X=3F X " B 3 Y=o ¥ v A 8]
1 i 0 practiee) 1 i praciices;

A value of f once determined by weighing m sample bales from a lot, is
then used as a conversion factor to calenlate an estimate X' of the total weizht
of the lot by converting ¥ {rom the old welghts ta the new weights by the
relation

A== o (9

The coefficient of variation of f in repoated samples will be approximated

by the eguation )

" Ir each secondary unit 1S tested individually, k2 shonlil dnelude the unit cost
of testing. With wool, the eores are compoundesd, and a single tést e performed on the
composite sample, wherefore the cost of testing is independeont of % nod m, and is not
inolnded in k.

1) The derivalion ‘of this squation is in Trank Yates's "Hampling Mothods for
Censnses and Surveys” (Ches, Griffin & Co., 1848), Tt is derived in the notation of this
paper in Dembng's "Some Theory of Sampling™ (John Wi Loy, 19500, Ch, 5,
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C!f = ;'ﬂ"r;m —l._ E . {i'___ﬁl e (14
M mim—1] 7 X
wherein
L -
W i 11
F=g 2% (1)
As Yin BEg. Y is a constant, it follows that
@ gn = 7 (12)
1 ) X.—F¥ )R
Tha factar NIl in Fg. 10 iz an estimate of the
m—1 T 2

eoefficient of variation of the ratio X ¥, multiplied by M/ (M —1) Clearly, if
the coreelation between X and ¥ is hw]l the coeiiicients of varintion f"' ﬂml ﬂ’r
will be small aud the pn*:wun of the esiimates & and f will be I!ngh, Gy
with small samples,

Becanse the fraction  in Eq. 7 is msed as a ealibration factor in Hq. §
this techuique, making nse of the information already contained in the :I=.,
somerimes called a ealibrativn technique.

An example of the nse of the ealibeation technigone is seen in the weighing
of iImported tobaceo, of which THLOM0 000 Ths. are imported annually into the
United States. This commaodily arrives in lots of several hundred or thousand
bales of various sizes ranging in weight from 10 to 300 pounds, according to
SOUree.

The weights of the individoal bales have nsaally been determined some
titan before they were loaded on to the ship in some foreign port. The total
weiglit of a lot, 6 determined, bowever, is not acceptable for assessment of
duty, mor wseally [or commerce either. Re-welghing is therelfore considered
{o boe necessary. However, it may only be necessary to weigh o few bales,

Provions practice in the Buréan of Customs was to weigh every bale
individually — a slow and expensive procedure. Ta developing a sampling
an it was found that the ceelficient of variation of the weights of the bales
averages about 3.5 % and ranges from 1.5 % to 94 %, The sampling methods of
Praoilem T are therefore not satisfactory beeanse =0 large & sample would be
requlved or any reasonable degree of acouracy that ne material saving in
weirhing would be made,

However, by unsing the ealibration teehnique, it is not the nearconstaney
af the weights ¥ which is important, but vather, the nearconstuncy of the ratio
A ¥ I ¥ denotes the weight of a bale as determined before it was put on
board the: ship, and it X denotes the vesult of re-weighing the bale as it i
landed, it has been found that the ratie X - F, is very nearly the same lor all
bales. Mgs, 7—12 cab tharefore be applied with considerable satisfaction. 'Phe
coeffleient of variation of X : ¥ has been found o be fairly stable, averaging
about 0.7% except for bales of Greek tobaceo for which the average was ahout
2.0%. On the basis of these walues, Ei, 4 shows that a sample size of 'm =100
hn.h:s from shipments ol most elrarette tobaceo (900 for lots of Greek tobaceo)
s adequate to achieve o precision of £ 625%, a level considered satisfactory
in protecting both the government and the importer against an apprecisblo
overchargo in duty op any one lmpertation.
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Ou the average, these smmple sizes represent savings of from 75 to 95 2% in
the number of weighings. Similar savings in many other types of problems
ean be made: :

Someremarkson Problem ITI, — This is the problem of estimating
(e.g.) the ash-content or B.tn. content per ton ol a plle of eoal or a carload or
shipload of coal, Tt should be made clear that no satisfactory stafistical
procedure has vet been devised, although preliminnry investigations indicate
hope of an carly solotion Lo the wain ehsiacle, whieh is ail present the diffi-
culty ol dividing the material into uneguivoeally identifiable units that can
bo drawn from the let in a reutine operation. Oue might vainly specify, For
example, that a pile or car ol eoal is to be sampled by extraeting certain
cubps of parallelepipeds, defined s< loeated so many feel from the lop ardl
having certain other spacial cdordinates. 1t would be impessible, though, as
a regular routine operation, for o worker to draw into the sample the contents
of any sampling unit and o exclude all material pob intended for this unit
Tuder existing ecirenmsiances such a material fails to meet the fondamental
criterion of a nnigee probability for every particle,

The zampling of materials that fall into Problem TI1 is thus by definition
not open to the methods that arve nesed for packaged materials falling into
Problems 1 and 1L When samples are drawn from any material that iz not
readily divisible info ideniifiable units. the drowing must too often depend
on lman judgment. Sueh dependence, experionee demonzstrates, is hazardous,
s severe binses often develop, As a matter of Tact, binses are the role, not 1he
preeplion. No stabisfical measure of precizion can be calenlated for a judgment-
solpetion. Tt is thus highly important that the statistical proeblems of sampling
coil and other such materials be solved, becanse of the magnitudes of the
commercigal transactions invoelved,

The sampling of materials that fall inte Problem TIT iz not hopeless, but
ealls for ingenuity and a new attaclk, If sueh g matorial ean he sampled off o
gonvevor beli at specified intervals, it iz, in effect, divisible info unequivocal
sampling units, no matter whenee it eame nor how it is piled up afterward,
When sampled ofl g conveyor belt a material is amenable to the methods of
Prohlem 1.

Some remarks on Problem IV, — The use of modern procedures
tor the determination of the average physical condition of the various classes
of property ecomprising a telephone,  telegraph, railway, or other uiility
eompany has only recently commmenced. As stated in the opening seetion, this
problem is important in judiciary esses involving resorve ond equitable rates
for serviee: At other times, the manngement of a wtility may wish to know
the state of depreciation of the varions classes of the property, as in making
estimates of the typo and extent of maintenance and repairs that will be
vequired by the gvstem over the next 5 or 10 years.

This type of problem from the viewpoint of sampling, is often one of the
most satisfying and simplest, especially when, as is usually true, the records,
miaps, and liste maintained by the company show {he locations and deseriplions
of all of the varioos items of the property in minute detatl, ITn some cities
of this country, such rocords are required by low: in many cities, the records
are kepl anvhow as being necessary o good managemaent.
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It is the intent of the author to discuss here a smill segment of this pri-
blem, in the hope that a few remarks muay find extension, modiflication, and
application in other related problems which exist in abnndance the world over,

Snppose that the property of a large publie utility company is (o be
appraised to determine its over-all physieal condition within some narrow
range of precision. The property consists of (eg) 14 maln accounts — poles
and the nerial equipment maintained theéreon, manholes and underground cable
and conduit therein, meiers, terminals, switches, transformers, ofe, Samples
of items in each account are to be drown and exsmined by skilled inspeetors,
thoroughly trained, and the physical condition of each item inspected is to ba
rated as A, B, C, D, or E, which might correspond to 95, 80, 65 ete., the exact
defiitions” for which need not concérn us here, Let w. be the proportional
Book value of the fth aceount when new; then xw =1, If every item in
every acconnt had an equal chance with every other item of coming into the
gample, and if @, is the average grade of the items inspected in the ith
aceount, then

= S w,, (1%)
will be an nnbiased estimate of the weighted average condition of the entire
property eomprised in all the accounts.

The problem is to determine the sample-sizes n, for maximum economy.
Obvicously, the samples from important aceonnts like aevial plant (poles and
cable plug attachments) should he higger than the samples from less valuahble
accounts like terminals and hounse-cahle,

The deierminition of the optimuom vilue of n,is mot diffienls. Let n_ he the
number of jtems to be inspected in the i-th account, and lot .Fr be T.hr‘ east of
fnspeeting one item therein, including travel and tabolation Then ths total
cost of inspection in all acconnts *MI] be

= 3 ", ke (L4}

Let 7, be the standard deviation of the nnmerical grades in the i-th aceount

Then as the samples in the different accounts gre entirely: independent,

o=y [ 20 (15}
¥ o,
The most eeonomical plan would hL to adjust the sample sizes (r.l 80 that
, 18 made as small as possible for a given allowable cost, K, 1t may hc shown
thm thiz eondition leads to the equation

1w, oT
o= 7

Fk, (16)
the derivation for which will not be given here. 7 is a constant for all classes
of the property, and its valne depends on the desired value of .- The tactor
7. J &, is usnally highly variable from one account to another, and tne sample
should be adjnsted up or down in cach ageonnt in accordance with the valnes
of & [y k, that are likely to be encountered,

Advanes estimates of 7oare not diffienlt to make, The condition of any
item must lie between a and f, where O <a<b< 100, a being the lower limit
of physical econdition, and b the upper limir. For some classes of property,
such as telephone poles, eables, and terminals, @ may be near 0 and b near 40,
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For vertain types of apparatus that must be kept in firsiclass condirion, such
as switches in dial switching equipment, or teleprinters as another example, a
is: probably not less than 70, and & wmay be a8 high as 595 or 98. 1 the condition
of such picces of apparatus is permitted to go below 70, the apparatus will fail
to perform [ts fondtion,

In practice, in the absence of other information, it is sulficient to assnmea
that the physical conditions of the items of any purticular class of property are
distributed in a rectangle between a and b An advance estimate of ¢ for that
elass is then feund by setting

2

S 5
5 == g (b —m) (17)

With the aid of engineers who are theroughly familiar with the properiy,
exeellent estimates of g, may be made in advauce by the use of Eg. 17, whenee
an eeonomical and adegquate sample may be designed. The biggest possible
value nf‘_ 7, may be pllowea for by satting ¢ =0 and b = 100%, the resole of
which glves 7 equal to 29%. A random sample of n =400 would then give a
maximuam standard error in - equal to abont 11%. {Actually, the systematic
samples about to be described will nsually de-a little better than is indicated
by g 1T

Ugeful estimates of the eosts k. can almost always also be made in advance.
Then for two classes of property, Class 1 and Class 2, Eg. 16 gives

y ) .
O i
1, W, T Va’cl (18)

This equation is fundamental. Again, as in the diseossion of Problem 11,
even rongh values of ¢ +7, and of k &, will guide the statistician toward an
economical sample. The weights w and w, are sapposcdly gbtainable from the
company’s aeeounting records, and can hardly be elassed as a part of the
sumpling problem, becaunse they wonld require determination in uny ease, no
matter how small or how large the samples may be —in [aet, they wounld be
the same even if the samples wers total (1004

It is important to note that the precision that is actually attained can be
appraised aceuralely and easily, as explained in the next section. This
appraizal iz entirely independent of the judgment that went into the advance
catimntes of the variances and costs.

Appraigal of theprecidionattained, — The procedure récom-
mended here depends upon the extremely simple idea of repeating the sampling
pracedura 10 times and comparing the resalls, T first used it at the suggestion
of Professor Johin W. Tukey of Princeton. For example, a telephone company
owne equipment on approximately 973.000 poles, Suppose that a lotal sample
of 1500 poles is desived, The total sample ig to be composed of 10 independent
subsamples, ench a 10k of the total in size. The firsl step is to determine the
proper counting interval for the 10 subsamples of 150 poles cach, The counfing
interval for the subsamples will be

BTE,000
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A any advance estimated total, such as 973,000, may be in error, it is well to
roifues this number 1) to 6387. The 10 idependent systematic subsamples will
be obiained by finding 10 random starts between 1 and G387, One snceh sempling
table is reproduesd in Table TIL

Table: TLI. #)
Apn expmple of a table of sampling numbers
wiving 10 Independent subsamples,

Conoting interval, 6 357,

= |

E e E Adititional sampling nnmbers

E 7 '%: 2 formed by adding 6387 snesessivaly

5 = =

e BEw |
i 1,746 ITE33 17520 23,9407 36,6HL 43085 49455 bOBET 62229
2 0,761 12048 1RGMG 3022 4 AT.006 44088 S000700 LAEST  GH.0d4
4 1,850 TET IS804 19981 96,87F B2T65 5067 45530 51026 SR
+ [, 550 11,057 18824 247110 31,088 BT 4R5 43872 25 SOG40 45033
3 1,603 Toul 14,375 20784 97,151 33538 29085 40818 HT699  H9.DEG
B BEIT G004 15,800 21778 DEAGL -BAGSE 400030 473206 53718 60,100
T 1;8B4 TAT0 14082 20049 36,R56 33,293 BOE10 46,007 BRUEL 5ETTL
S ¥, S0 12401 15078 95H65° S170d 88189 445680 H001F ATAO0 65057
| 5,151 6818 12805 (8202 20,678 I2060 IHALG  LlBi0 51 ,2;3': vl

jEL 2,523 EO10 15,297 21684 2/0T1T 34453 40840 4 T2 NG00 R0000

) This- table wis welonlly ased by the Nlioda Bell Talephons Company for dinwing 2 sample of polus
noid ptteched serisl aguipmnnt,

Tivery sampling number in the tiable of sampling numbers will deaw one
it and any associated equipment into the sample, Thus, Table 11T might
reler specifically to telephone poles, Any sampling nomber in the table would
then bring in o telephone pole plos all the cible, wire, eross-arms, lerminals,
and other equipment assoeiated with that pole. All this equipment would e
inspected when the pole is inspectod; it is nol pecessary Lo dreaw new samles
ol cable, wire, cross-arms, ferminals:

However, the physieal conditionsg of these items are correlated and they
arte lest kept as a group to form ihe "nerial aceount™ Hach subsamiple of
150 poles, when inspected, vields an estimate of {the weighted average physieal

L . R . 1 3] 10
condition of {hiz acrial account, Lt .':rll I. WL e ' b 10 results so ab-
tained, and let
. 2. 1 il-‘l o 0 (90)
al, — = 2000
| i %" | ‘

An estimate of the variance of the averaze w may then be computed ak

& 10 2
ke 1 1 i
— ol —a i
Ly (= 10 10—1 = [ 1 1 ()

1

1) In the sumpling of numufoclured squipment i1 = advisable nover to use o
comoling interval ending in 0,5, or an even ounmbor, beeauss of possible periodieitios, T8
tho division of 973,000 by 150 hod not given o quotient terminatiog v 7. an. achifrary
wljustment woild have been made o foree Lhe counling interyval Lo terminnte in 1, -3,
T, or 8,
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Thus, in an actual example, the results of 10 subsamples (each of 150 poles
and attachments) were as follows:

675 % g4
G4 6.6
671 fith 4
7.9 CHAL
s BEA)

whence the average result for this acconnt was 68.4% . with an estimated standard
ervor of 0.44% as computed by Hg. 21. As each :J::IH'" will in practice be the
average of some sizable number of inspectisns (possibly 8, 10, 15, or morel,
Fisher's t-table may be nsed for finding any desired probability limits for the
physieal eondition of this particular account. Thus, in this instanee, the odds
are Qi 1 that the walne @ — 44 b o 684 — 44 X 282 =072 does not fall below
the result that would have been obtained by esxamining all the poles belonging
to the compuany, were it possible to carry out such a huge task with the same
care and skill as was expended pn the sample.

In a similar manner the varianess of the other accounts may also be estimated,
and all the values of @ may be combined to find the estimated average over-
all physienl condition = of the entire property, @« being defined in Eq. 18, The
estimated variance of & will be i

%, =% 5) (22
i which snmmation the subseripi 1 runs over all the accounis that were
sampled independently, In practice, -the samples may be designed in advance
so that s for the whele property will have a value somewhere hetween 0.2 to
03 % Any attempl af greater refinement is wastefol and illusory, in view of
(a) the diffienlties of defining and measuring the physical condition of a
piece of property, and (b) the fact that the differeni inspeclors, no maller
how expert, can not always agree with each other or even with themselves,
Still smaller samples, giving 5 as high as 05 % or even 1 % will contain
# wealth of information coneerning the property.

Measurement of the human error. — It 15 4 mistake to con-
ecentrate any sampling plan purely on the measurement and control of the
errors of sampling, and the same statement holds for the interpretation of
data dervived frow sampling, There are other ervors, mainly centered avound
the arbitrariness of definitions and the variability of performuance of both man
and machine, These other errors are presenl whether the materials are
examined in tetal or by a'very small sample, and they may therefore e called
nonsampling errors. These nonsampling ¢rrors are as important in the spmpling
of physical materials as they are in soeial and ccononiie surveys. What should
he aimed af in designing n sample of any material is lo strike a balanes
between ihe crrors of sampling and the errors and variability arizing from
nonsampling sourees,

A list of the nonsampling errors that oeeur in soeial and economic sur
vevs was published by the author ™) in 1944 A list of the nonsampling errors

12y W, Bdwards Deming, "On errors in surveys” (Ameriean Sociological Review,
wvol, IX, 1844, pp. 359-—369): “SBobre errors en las nvestlpaciones" (Estodistics, vol, V1,
13, pp, 493—050: vol, VI, 199, pp, 84-51), This list isexpanded in the anthore "Some
Theory of Sampling” (John Wiley & Sons, 195010, Ch, 2,
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that are cncountered in the messurement of physical materiale would be
remarkably parallel 1o this list just cited. The chief difference is that repeated
physical observelions do not always alter the material. whereas repeatoed
interviews of human beings probably do affect the responses to most gquestions,

Tt is wasteful to refine the errors of sampling to levels far below the
grrors arising from ofther sourees, henee knowledge of the magnitude of the
human errers of measarement is necessary as a guide for achieving econo-
mieal and effective sample design.

Suecess in redocing the nouzampling errovs depends to a larvge extenl on
the seleclion, training, and supervision of the men who do the actnal work of
inspeetion and measuvement, There are many schemes that have heen devised
to achieve uniformity and aecuracy of human performance. One deviee will he
mentioned hers, In the training of the inspectors who will inspeet the samples
of the property of & utility company, and doring the actual ingpeetion, it is
possibleand advisable to carry onl experiments in which all the men inspect
a numhber of pieces of equipment, the aimoof the experiment being {o obseryo
whether any inspeetors are grading the material higher or lower than the
others, and to take corrvective aclion If necessary. OF course, exact agresment
ig not to he expoetod.

One sel of records which was obtained in an experiment of this natore s
shown in Table IV, Tacl inspeetor recorded hig judgment, A, B C, T), or T
tor each item of 2 purticolar type of apparatns, and the results wers assembled
in Table TV, The inzpeeiors had received five days’ fraining when this experi-
ment was rarried ond, Grade A eorresponds to 92 %, new or nearly pew; Grade
F corresponds to 1% % worn ount. Actually, the grades were very carclally
defined with written definitions, and the inspectors were all skilled telephone
engineors, thoroughly familiar with the apparatus. If any inspector had given
grades conzistontly higher or loweér than the others, a stndy of the table
would probably have detected it

“_‘l.-in.'lml_fmnhis W through the use of interpeneirating samples, mieasured
the combined effect of errors of sompling and the differences in homan
performanes, and compared these offects with the average variability in the
resnlts that were ebserved by individual interviewers, In {hiz way he measnred
the ability of interviewers to reproduce their own work, and measured the
differences hetwesn interviewers,

The plan followed here for measuring simullaneously the differenees
between inspectors and the errorvs ariging from sampling was suggested Lo the
author by Dr. W, JJ. Youden of the Nutional Burean of Standards in Washing-
ton. Let us return to the 10 subsamples that were mentioned earlier for a
gample of the acrlal property of a telephone system (Tahle TIT), Fach sub-
gample is to eontain 150 poles plos the equipment associated with each pole.
Snppose that there will be § inspection-erews, 2 men per erew. one of them heing
an expert on this type of equipment, the other man his aszistant. A sampling
plan in which there are 5 = W = 50 valid subsamples of the property would
permit each erew to work on 10 diffevent subsamples, The Yonden plan assigns
each erew to 10 valid independent subsamples of the properiy. For the aerial

)P0, Mahalanobis, “'On large-seals sample sarveys” (Phil, Trans, Royal Boo,
vol. 251 I3, 1844, pp, 320-451; pp, 405410 in partienlnr), Same awthor, "Heeent experi-
ments in statistical sampling In the Indian Statistical Institute™ (1, Royal Stat, Soc.,
vol, UK, IH6, pp, $95—878),
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property, for example, the crews were assigned to the poles in rotation
according to the scheme shown in Table 'V, which when superimposed over
Table IV shows which crew is to be assigned to inspect nny particular pole
plus its assoeiated equipment. Obviously, by this arrangement every crew
inspeets o systematic sample from every one of the 10 subsamples of the
aerial property, and the inpectors’ samples will be very nearly equal in size.

Tabla 1V.

Besults from 8 inspectors who recorded their judgments: of
the physiecal conditions of 16 pieces of cable strand,
complete with rings.

These results were obtained after two days' traning.

All discrepaneies were thoroughly disenssed and resolved.

Ttenn, Inspactor
o 1 o 4 4 5 6 7 5
L= A A A A A A A A
2 A A A A Jid A A 13
3 E E E E E 15 I X
s b E E E E b IX j E
o E E E E E E E E
i B 1 A B R A B B
7 n D D I 4] i3] D i1
8 A A A A A A A A
8 E D E E B L¥ I¥ E
10 A A A A B A A [
11 A A A A A A A A
12 B ] i ] 3 Iy 1 I+ D
1 I E E E E E 1y )
14 I E E E E E E B
15 I E E E E I E E
I E E Ty E E n I»
Table ¥

Youden's seheme for assigning erews,
This table is to be superimposed over Table IV
tr see which crew is to be assigned o aoy particalar pole.

Subsgmplo

Hin! Crow
1 1 = b 4 il 1 3 3 i ] 1 Eto.
g a a 4 0 1 2 3 1 i 1 2 Eite.
3 a 4 5 1 i 3 ! | 1 2 3 Eta.
A 4 ] 1 ! | 4 & 1 il 3 4 Ete,
i 0 1 3 3 4 & 1 2 5 -+ & Ete.
1] ' 3 3 4 3 1 . & + 3 1 Etc.
7 ] & 4 5 1 2 3 4 ] 1 2 Hte,
] 3 4 o H 2 a 4 h 1 a2 3 Ere.
a2 4 b 1 3 3 4 & 1 ) Fi i Eto,
10 b 1 @ 4 4 2 1 8 A 4 o Eto.




In practice, there may be more or less than 5 erews for any class of
property, but the same Youden rolation may be used for any number of erews
and any number of subsimples,

One set of results M) which was obfained in an investigution of the nerinl
property of a felephone system in Ameriea iz shown in Table VI, Tn this
compilation of results, the 10 averampes in the extreme righi-hand column give
a medsure of the purve sampling error, as the differcoces belween crews has
had a chanep {o eancel oul. Likewise, the § nverages along the bottom give a
measure of the variability between the crews, as any differences belween
subsamples has had a chanee to cancel out,

Table Vi.
Resnles from Inspecting samples of treated poles

Average per cent eonditon by erow by subsimple,

Craw
Bubizem e . ——rr L | Avorngo
1 2 3 | % | = [l = T |8
1| H80 620 ! 50 | §7.10 | %8 | son ! 8.7 Bl e
a 7.9 B2 | %5 | eénn | se1 | 185 | 639 R
A 58,1 BU:A | &4t | B2 | F26 | oo ‘ 617 | .77
l e | #83 | B=6 | 668 | 758 | e%00 | B0 B80T
§ B5.i | 88| e84 [ 881 | 718 | 676 | a0 Gl
it #5.0 Eo.l ) B | Tna | dka ‘ B | B5d 445
7 G0 620 | se7 | 603 | 74 | eed | 618 69 up
g iR 372 | GEE | TRT | A4l | 593 | 608 0,80
9 612 678 | 578 | esE | B1E | a7m |imkw a1
o JS 1 f6A | Tme | Tow | Bed | 810 | ez BT
Average | B354 | 8018 | 63.16 | 6140 | 66.65 | 6575 | e3.28 | 6s.on Bd.08

Here there were 10 sabsamples and 8 erews, exch of which inspecied a
sample of from 15 to 19 treated poles 0 each subsample. It is to be noted that
this number is sufficient to validate the assumption of normalily on which
Fisher's tables for the analysis of varignes are based, The analvsis of varianee
appears in Table VIT, whenée it may be concluded ¥ 19) [a) that there is no
indication of uncontrolled variability between the means of the erews: (b)) thal
thers is no evidence of exepssive variability in the vepeated jndgments of
any one erew; alzo (e} that the sample is laree enongh,

Y) It is a pleasure to record my apprecintion of the oecision to work in Chiessgo
with Mr, Harlow A Coxe of the Tllineis Bell Telephone Company in the derivation
of these resulls, and to thank this Cempany for the wse of MTahles TTI—VII.

%) I wish to réeonl hern my doep appreciation foe the ald of Mr, Howard L, Jones
of the Tlinois Bell Talephone Company, Chinigo, both for furnishing the caloulativons
appearing in Table VII and fer his generous azsistanen in the interpretations of the
variancos oecurring therein,

18y Ty should be explained that alhough thoe 50 snmples in Table VI were all
gystematie, the vorianees. in Table VI are interpreted a5 if the samples wers random.
It there is ever any doubt abouwt the validity of wpplyinz the usual theory of the
anualysis of variance to systematie samples, care shoufd be token in advanpes {o wse
a random seleetion, The systematic rotation of erews, as wsed here, has great advantages
beeanse of its simplicity, and T believe thai for this materis]l and for the sampling
intervals that were wsed lhere, the systematie assipnment will give ¢losely the same
results as if the assipnments wore rondom.
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Conelusion (4} follows from the fuet that the estimate (880} of ;—‘-:_g_. eomputed

from the wariance between the means of the erows is actnally smaller than the
estimate (.617) computed from the variance between the means of the subzamples
and smaller also than the estimate (689, eomputed from the residual variance.
As any real difference Letween the means of the crews would, on tho averags,
cause the estimate of :;:E made from the variance between crews to be larger

thau the estimate made from the varianee between subsamples, it may be con-
claded that the table shows wo evidence of variability between the means of
the erews. Conelusion (b) is drawn from the fuct that the range of the estimates
of l:r‘x based on the variances between subsamples for the 8 different crows

(bottom panel of Table VII) is slightly less than.the range that would be
expected if all the inspeetion had been done by the same crew,
Conelusion (e} follows from the faet that the estimate of 72 made from
=

cither the means of the subsamples or from the residual varianee is already

small enough.

Table VI1I.

Yariances compnuted from Table VI %

, Sam of | Degross of | e |2 oo
Cemponent squaras | Freedom | i [*F = 80"°
Total variance, . . . . . . 112987 | 79 Ao.97 0.653
Varignes betwesn the meane of
erows Ry et S 2ded | 7 | 3058 0450
Varinnee Datwesn the mepps of |
subzamples . o o o5 ddd43 2 40038 0817
Resbdunl varianes .. ., 447220 | 63 6o.11 0,689
Varianoe botwarn erond |
I cohsample 1 7 R0.47 LO06
z i 45,13 0. 564
3 T 79,03 T
4 T #Ra0 496
o T S0.45 a3l
8 T BT 430
1 | 7 3016 0.377
R Fi h6.45 0706
! ) HEh_59 T Th.06 01.946
10 oaE 43 | 7 a4.,06 0428
L8 . I
Yarinnee hetwoon snbagmples |
By oraw 1 4n546 | 4 anfe | 0637
2 Tog.86 | ) TE.Ad {982
B 31,56 a 2462 L3508
4 461,62 | L] il 2k 0,641
11 425,30 i .70 0,590
fi 800G 0 4.4 LR ]
T BHE.EE ] 40,09 LERTH &Y
5 TRD. e a 5677 1. 085

Al
"l

hore denolos an estimnte of L variance o
3

Al

-
of the 8 culls in Table VI 5 dmawn, P s the-estimnted varinuce of T

of o wniverse of values whanes it iz sssumiod that sitch
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The advantages of having measures of the sampling error and of the
human performance, separate and distinet, seem to be worth epnsideration in
epite of the extra cost of assigning to eaeh erew 10 valid samples of the
universe of material that is to be cxamined; Tt would of eourse be cheaper to
assign each erew to some convenient area, bui the results wonld not then
permit separation of the =ampling errors from the human variability.

Ritsitmd: Lo sondage ext appliqud de diverses maniéres pour déterminer le polds ot
la guulité des matitres Indusiriolles, Lupplication de la théorte du sondage donme, rapi-
dentent et & pen de frais, des résultats d'un degrd de prébision econon ef eontrabable,
Toutefois, il importe, en appliquant cette théarie, gue In sélection de Téchantillon nit
ligw strictement d'aprés certalnes rdples, Les matiores 3 soumettee an sondage doivend
étre divisibles en unités dé sondige. de sorto que ehaque partie ait woe probabilité oon-
nue d'dtee inclue dans 'échantillon. Ainsi, bien que le charbon ne puisse élre sonmis
au sondsges lorsqu'il eal onfassd, 11 pout U'dlre & Uosension do transport, Lrantenr appligque
la théorie du sondage & la Inioe. au taboe et au suere pour In délermination do poids
et di ln qualité ot & Pexsmen de la condition d'équipements mésanigoe of électrique.
Il expose non méthode pour mesurer séparément Porreur hutinine et Uerrenr de sondunge,







